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Abstract
Pullback attractors of the two-dimensional non-autonomous micropolar fluid motion model in a bounded
domain are investigated. It is shown that a compact pullback attractor in H 1(Ω)3 exists when its external
driven function is translation bounded with respect to L2(Ω)3.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Rational analysis on micropolar fluid flows stems from the pioneer work of Eringen [13],
where he introduced a mathematical model describing a class of non-Newtonian fluid motions
with micro-rotational effects and inertia involved. When the gyration is neglected, the micropolar
fluid flows reduce to the Navier–Stokes flows.
In this paper, we consider a two-dimensional micropolar fluid motion in a smooth bounded
domain Ω ⊂ R2. For such fluid particles contained in a small volume element, the fluid motion
is described by a velocity filed v = (v1, v2), a scalar pressure π and a scalar gyration field w
subject to the following non-autonomous dynamical system:
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∂
∂t
v − (ν + κ)v − 2κ∇ ×w + ∇π + v · ∇v = f (x, t),
∂
∂t
w − γw + 4κw − 2κ∇ × v + v · ∇w = g(x, t),
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(1.1)
associated with the boundary condition
v|∂Ω = 0, w|∂Ω = 0 (1.2)
and the initial condition
v|t=τ = v0, w|t=τ = w0, (1.3)
where f = (f1, f2) is a time-dependent external force and g is a time-dependent external gy-
ration function, ν > 0 is the kinetic viscosity, and κ  0 and γ > 0 are gyration viscosity
coefficients. Here
∇ × v = ∂v2
∂x1
− ∂v1
∂x2
, ∇ ×w =
(
∂w
∂x2
,− ∂w
∂x1
)
.
For simplicity, we let the time-dependent function F = (f, g).
There is a large literature on the mathematical theory of micropolar fluid equations (see,
for example, [8,9,12,14,16,17,19,21]). Especially, for the two-dimensional problem with au-
tonomous situation F = F(x), Łukaszewicz [17] and Boukrouche and Łukaszewicz [2] gave
the existence of an L2 global attractor, Chen et al. [8] derived the existence of an H 2 global
attractor based on measuring non-compactness argument of Ma et al. [20], Dong and Chen [11]
obtained the existence an L2 global attractor in an unbounded domain.
On the other hand, for the non-autonomous micropolar fluid equations, one may consult
Łukaszewicz and Sadowski [18] for the existence of an L2 uniform attractor with the transla-
tion compact assumption on the function F ∈ Lloc2 (R;H), and Chen et al. [9] for the existence of
an H1/2 uniform attractor for a non-homogeneous boundary condition and F ∈ Lloc2 (R;H−1/2)
without translation compact condition.
In this paper, we are interested in the examination of pullback attractors, which are devel-
oped from the analysis of random attractors of non-autonomous random dynamical systems,
and also exist in deterministic dynamical systems (see, for example, [4,6,7,10,15,22]). For the
existence of pullback attractors of the two-dimensional Navier–Stokes equations, we refer to
Boukrouche et al. [3] and Caraballo et al. [5]. Pullback attractors of reaction–diffusion equa-
tions are investigated by Song and Wu [23]. However, not much work on pullback attractors of
(1.1)–(1.3) is known to the authors.
The objective of this paper is to show the existence of an H1 pullback attractor to the system
(1.1)–(1.3) when the external function F is translation bounded with respect to H.
To write (1.1)–(1.3) in an abstract functional form, we use the following notations:
| · | and ‖ · ‖ denote the norms of L2(Ω)n and |∇ · |, respectively;
(·,·) is the inner product of L2(Ω);
Hk(Ω)n = {u ∈ L2(Ω)n; ∣∣∇ku∣∣< ∞};
H 10 =
{
w ∈ L2(Ω); w|∂Ω = 0, ‖w‖ < ∞
};
V = V ×H 10 with V =
{
v ∈ L2(Ω)2; ∇ · v = 0, v|∂Ω = 0, ‖v‖ < ∞
};
H= H ×L2(Ω) with H the closure of V in the space L2(Ω)2;
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{
ϕ ∈ L2(R;H):
t2∫
t1
∣∣ϕ(s)∣∣2 ds < ∞, [t1, t2] ⊂ R
}
;
Lu = (−2κ∇ ×w,−2κ∇ × v + 4κw), u = (v,w);(
B(v,u),ϕ
)= (v · ∇u,ϕ) for (v,u,ϕ) ∈ V × V × V;
D(A) = V ∩H 2(Ω)3;
(Au,ϕ) = −(ν + κ)(v,φ)− γ (w,ψ), (u,ϕ) = (v,w,φ,ψ) ∈ D(A)× V;
ϕ ∈ Lb2(R;X ) or ϕ is translation bounded (with respect to X ), if
‖ϕ‖Lb2(R;X ) =
(
sup
t∈R
t+1∫
t
∥∥ϕ(s)∥∥2X ds
) 1
2
< ∞;
‖ϕ‖Lb2 = ‖ϕ‖Lb2(R;L2(Ω)3).
Thus, by setting P the projection operator mapping a velocity vector field as a divergence-free
one, Eqs. (1.1), (1.2) can be written in the functional form
u′ +Au+B(v,u)+Lu = p, p = (Pf,g), (1.4)
or 〈
u′ +Au+B(v,u)+Lu,ϕ〉= 〈F,ϕ〉, ϕ ∈ V . (1.5)
The main result now reads (some notations will be introduced in Section 2).
Theorem 1.1. Let p0 be translation bounded with respect to H, Σ = {p0(t + h); h ∈ R},
θt (p) := p(t + ·), and φ(t,p,u(0)) = u(t) be the solution of (1.4). Then the cocycle
{φ(t,p,u(0))} corresponding to problem (1.4) admits a pullback attractor A in the following
sense:
A is compact in V,
A= {Ap}p∈Σ =
{
ωp(B)
}
p∈Σ =
{ ⋂
s∈R+
⋃
ts
φ
(
t, θ−t (p),B
)}
p∈Σ
for any uniformly absorbing set B ⊂H.
The proof of Theorem 1.1 is based on the following abstract result, implied in the pullback
attractor analysis of Caraballo et al. [5] and Song and Wu [23].
Theorem 1.2. For a Banach space X , a translation operator θ , a symbol set Σ and a cocycle
φ(t,p,x) :R+ ×Σ ×X →X , suppose the following assumptions hold true:
(A1) There exits a ball Bρ of X with radius ρ > 0 such that for any bounded set B ⊂ X there
exists a constant t0(B) > 0 satisfying
φ
(
t, θ−t (p),B
)⊂ Bρ, whenever t > t0(B) and p ∈ Σ;
(A2) φ is strong-to-weak continuous on X ;
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dimensional subspace X1 ⊂X and a bounded projection operator P :X →X1 such that∥∥∥∥∥(I − P)
⋃
tt1
φ
(
t, θ−t (p),x
)∥∥∥∥∥X  ε
and ∥∥∥∥∥P
⋃
tt1
φ
(
t, θ−t (p),x
)∥∥∥∥∥X < c whenever t > t1(p,B), x ∈ B,
where c is a constant independent of t > t1(p,B).
Then there exists a pullback attractor A= {Ap}p∈Σ in the following sense:
A is compact in X , Ap = ωp(Bρ) =
⋂
s∈R+
⋃
ts
φ
(
t, θ−t (p),Bρ
)
for the uniformly pullback absorbing set Bρ given in (A1).
If X = V , Theorem 1.2 implies the existence of a pullback attractor in V provided that the
assumptions (A1)–(A3) are valid. Therefore, Theorem 1.1 lies in the validity of the assumptions
(A1)–(A3) with X = V and the following property for sufficiently large t :
φ(t,p, ·) maps a bounded set of H into a bounded set of V . (1.6)
For X = V , the assumption (A1) and the property (1.6) are derived in Section 3. The demon-
stration on the validity of the assumptions (A2) and (A3) is described in Sections 4 and 5,
respectively.
2. Preliminaries
To help understanding the analysis, we illustrate some basic concepts of the cocycle with
respect to a translation operator θ , a Banach space X and a symbol set Σ .
Definition 2.1. A mapping φ :R+ ×Σ ×X →X is said to be a cocycle on X (with respect to θ ),
if
(1) φ(0,p,x) = x, (p,x) ∈ Σ ×X ;
(2) φ(t + τ,p,x) = φ(t, θτ (p),φ(τ,p,x)), t, τ ∈ R+, (p,x) ∈ Σ ×X .
Moreover, if φ :R+ ×Σ ×X →X is continuous, φ is called continuous cocycle on X .
Definition 2.2. A cocycle φ is said to be strong-to-weak continuous on X , if for (t,p,x) ∈
R+ ×Σ ×X , there exits a sequence {xn} ⊂X such that
φ(t,p,xn)⇀ φ(t,p,x), as xn → x in X .
Here ⇀ and → denote the convergence in weak and strong topologies, respectively.
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property and the following pullback abstracting property
lim
t→+∞ distX
(
φ
(
t, θ−t (p),B
)
,Ap
)= 0
for (t,p) ∈ R+ ×Σ and a bounded set B ⊂X .
As a preparation, we recall the uniform Gronwall Lemma (see Temam [24]).
Lemma 2.1. Let g,h and y be non-negative locally integrable functions on (t0,+∞) such that
dy
dt
 gy + h, t  t0,
t+r∫
t
g(s) ds  a1,
t+r∫
t
h(s) ds  a2,
t+r∫
t
y(s) ds  a3, t  t0,
where r, a1, a2 and a3 are positive constants. Then
y(t + r)
(
a3
r
+ a2
)
ea1, t  t0.
3. Proof of the assumption (A1)
In this section, to show the existence of the cocycle with respect to (1.4), we discuss the global
well-posedness of (1.1)–(1.3) for a transplation bounded function F .
Lemma 3.1. Let F ∈ Lb2(R;L2(Ω)3) and u0 ∈H. Then (1.1)–(1.3) admits a unique solution
u ∈ C(R+;H)∩Lloc2 (R+;V), ∂tu ∈ Lloc2 (R+;V ′)
satisfying
∣∣u(t)∣∣2 + min{ν, γ }
3
t∫
0
e−λˆ(t−s)
∥∥u(s)∥∥2 ds  ∣∣u(0)∣∣2e−λˆt + c‖F‖2
Lb2
, (3.1)
∣∣u(t)∣∣2 + min(ν, γ )
3
t∫
t−1
∥∥u(s)∥∥2 ds  ∣∣u(0)∣∣2e−λˆ(t−1) + c‖F‖2
Lb2
, (3.2)
∣∣u(t)− v(t)∣∣ ect ∣∣u(0)− v(0)∣∣ for any solution v(t), (3.3)
where λˆ = λ0 min(ν, γ )/3 with λ0 the constant from the Poincaré inequality
λ0|u| ‖u‖.
Moreover, if u0 ∈ V , then there exists a unique solution
u ∈ C(R+;V)∩Lloc2
(
R+;D(A)
)
such that ∂tu ∈ Lloc2 (R+;H) and∥∥u(t + 1)∥∥2  c(∣∣u(0)∣∣2e−λˆt + ‖F‖2
Lb2
)
exp
(
c
(∣∣u(0)w∣∣2e−λˆt + ‖F‖2
Lb2
)2)
, (3.4)
where c is a generic constant independent of t , u and F .
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been studied in [8,17] for F in a subspace of Lb2(R;L2(Ω)3). Therefore, we only need to show
the estimates (3.1), (3.2), (3.4).
For convenience, let us list some usual estimates which can be obtained immediately by ele-
mentary manipulations by making use of the divergence free condition, the Hölder inequality, an
interpolation inequality and Agmon inequality [1],
‖ϕ‖L∞(Ω)2  c‖ϕ‖
(
1 + log |Aϕ|
2
λ0‖ϕ‖2
) 1
2
, ϕ ∈ D(A), (3.5)
〈
B(v,u),ϕ
〉
 ‖v‖L4‖u‖L4‖ϕ‖
 c|v| 12 ‖v‖ 12 |u| 12 ‖u‖ 12 ‖ϕ‖, (v,u,ϕ) ∈ V × V × V, (3.6)〈
B(v,u),Aϕ
〉
 ‖v‖L4‖∇u‖L4 |Aϕ|
 c|v| 12 ‖v‖ 12 ‖u‖ 12 |Au| 12 |Aϕ|, (v,u,ϕ) ∈ V ×D(A)×D(A), (3.7)
−〈Au,u〉 − 〈Lu,u〉 = −(ν + κ)‖v‖2 − γ ‖w‖2 + 4κ(w,∇ × v)− 4κ|w|2
−min{ν, γ }‖u‖2, u = (v,w) ∈ V, (3.8)
−〈Lu,Au〉 = 2κ(ν + κ)(∇ ×w,v)+ 2κγ (∇ × v,w)+ 4κγ ‖w‖2
 2κ2‖u‖2 + 1
2
‖Au‖2, u = (v,w) ∈ D(A), (3.9)
min{ν + κ, γ }‖u‖2  〈Au,u〉 λ−
1
2
0 |Au|‖u‖, u ∈ D(A). (3.10)
Here c is a generic constant independent of t , u, v, ϕ, κ , ν and γ .
With the use of the estimates displayed above, we can now prove (3.1), (3.2), (3.4). It follows
firstly from (3.8), (3.10) and (1.5) with ϕ = u that
d
dt
|u|2 = −2〈Au,u〉 − 2〈Lu,u〉 + 2〈F,u〉
−min{ν, γ }‖u‖2 + |F ||u|
−λˆ|u|2 − 1
3
min{ν, γ }‖u‖2 + c|F |2
for λˆ = 13λ0 min{ν, γ }. We thus have
∣∣u(t)∣∣2 + min{ν, γ }
3
t∫
0
e−λˆ(t−s)
∥∥u(s)∥∥2 ds  ∣∣u(0)∣∣2e−λˆt + c‖F‖2
Lb2
(3.11)
and
∣∣u(t)∣∣2 + min{ν, γ }
3
t∫
t−1
∥∥u(s)∥∥2 ds  ∣∣u(t − 1)∣∣2 + c‖F‖2
Lb2

∣∣u(0)∣∣2e−λˆ(t−1) + c‖F‖2
Lb2
. (3.12)
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d
dt
(
(ν + κ)‖v‖2 + γ ‖w‖2)
= −2|Au|2 + 2(F,Au)− 2(B(v,u),Au)− 2(Lu,Au)
−2|Au|2 + 4|F |2 + 1
4
|Au|2 + c|v| 12 ‖u‖|Au| 32 + 2κ2‖u‖2 + 1
2
|Au|2
−|Au|2 + 4|F |2 + c|u|2‖u‖4 + 2κ2‖u‖2 (3.13)
with the constant c independent of t , u and F . This together with Lemma 2.1 and (3.11),
(3.12) yields∥∥u(t + 1)∥∥2
 c
( t+1∫
t
‖u‖2 ds + 4‖F‖2
Lb2
)
exp
( t+1∫
t
(
c|u|2‖u‖2 + 2κ2)ds
)
 c
( t+1∫
t
‖u‖2 ds + ‖F‖2
Lb2
)
exp
(
c
(∣∣u(0)∣∣2e−λˆt + c‖F‖2
Lb2
) t+1∫
t
‖u‖2 ds + 2κ2
)
 c
(∣∣u(0)∣∣2e−λˆt + ‖F‖2
Lb2
)
exp
(
c
(∣∣u(0)∣∣2e−λˆt + ‖F‖2
Lb2
)2)
. (3.14)
The proof of Lemma 3.1 is complete. 
For p0 ∈ Lb2(R;H), we recall that Σ = {p0(t + h); h ∈ R}. It follows from Lemma 3.1 that
the cocycle φ(t,p,u0) = u(t) in R+ ×Σ × V is well defined and
‖θ−tp‖2Lb2 = ‖p‖
2
Lb2
= ‖p0‖2Lb2 .
This together with (3.14) implies the existence of the desired uniformly absorbing set Bρ ⊂ V
for a suitable constant ρ > 0 such that
φ
(
t, θ−t (p),B
)⊂ Bρ, whenever t > t0(B), p ∈ Σ,
for any bounded set B of H and a constant t0(B) > 1. We thus obtain the validity of the assump-
tion (A1) with X = V and the property (1.6).
4. Proof of the assumption (A2) with X =V
This section is based on the following abstract result on strong-to-weak continuous of a cocy-
cle.
Theorem 4.1. (See [23].) Let X and Y be Banach spaces such that X is densely and continuously
imbedded in Y and the dual space Y ∗ is densely imbedded in the dual space X∗. If φ is a strong-
to-weak continuous cocycle in Y , then φ is cocycle of strong-to-weak continuous in X if and only
if φ(t,p, ·) maps a compact set of X onto a bounded set of X for t ∈ R+ and p ∈ Σ .
By (3.3), the cocycle φ(t,p, ·) :H →H is strong-to-weak continuous. It follows from The-
orem 4.1 and the dense continuous imbedding V ↪→ H = H∗ ↪→ V∗ that it remains to prove
φ(t,p, ·) mapping a compact set of V to a bounded set of V .
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∥∥u(t)w∥∥2  c
(∥∥u(0)∥∥2 + 4
t∫
0
∣∣F(s)∣∣2 ds
)
exp
( t∫
0
(
c|u|2‖u‖2 + 2κ2)ds
)
 c
(∥∥u(0)∥∥2 +
t∫
0
∣∣F(s)∣∣2 ds
)
exp
(
c
(∣∣u(0)∣∣2 + (t + 1)‖F‖2
Lb2
)2 + ct).
This implies the desired boundedness of the cocycle φ(t,p, ·) :V → V , and thus the validity of
the assumption (A2) of Theorem 1.2 with X = V and p ∈ Σ = {p0(t + h); h ∈ R}.
5. Proof of the assumption (A3) with X =V
Since the domain Ω is bounded, the proof can be demonstrated by the spectral analysis in the
following.
Let {φn} ⊂ D(A) be the family of all eigenfunctions of A such that
Aφn = λnφn, 0 < λ1  λ2  · · · λn  · · · , lim
n→∞λn = ∞,
and
(φn,φm) =
{1 if n = m,
0 if n = m.
We define the n-dimensional subspace Hn and the projection operator Pn :H →Hn such that
Hn = span{φ1, . . . , φn} and Pnu =
n∑
m=1
(u,φm)φm.
Let un = (vn,wn) = (I − Pn)u, and φ(t, θ−tp,u(0)) satisfy the system
du
dt
+Au+B(v,u)+Lu = θ−tp. (5.1)
Taking the L2 inner product of this equation with Aun, we use (3.5)–(3.10) to obtain
d
dt
(
(ν + κ)‖vn‖2 + γ ‖wn‖2
)
= −2|Aun|2 − 2(Lu,Aun)− 2
(
B(v,u),Aun
)− 2(θ−tp,Aun). (5.2)
It follows from (3.5), (3.7) that∣∣(B(v,u),Aun)∣∣ ∣∣(B(Pnv,u),Aun)∣∣+ ∣∣(B(vn,u),Aun)∣∣
 ‖Pnv‖L∞(Ω)2‖u‖|Aun| + c|vn|
1
2 |Aun| 32 ‖u‖
 c‖Pnv‖
(
1 + log |APnv|
2
λ0‖Pnv‖2
) 1
2 ‖u‖|Aun| + c|vn| 12 |Aun| 32 ‖u‖
 c
(
1 + log λn+1
λ0
) 1
2 ‖u‖2|Aun| + c|vn| 12 |Aun| 32 ‖u‖
 1 |Aun|2 + c
(
1 + log λn+1
)
R41 + cR20R416 λ0
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∣∣(Lu,Aun)∣∣ c‖u‖2 + 16 |Aun|2  16 |Aun|2 + cR21 .
Here R0 and R1 are the radii of uniform absorbing balls in H and V . Thus (5.2) becomes
d
ds
‖un‖ + λn+1λ˜
λ0
‖un‖2
 cλ0λ˜−1
{∣∣θ−sp(t)∣∣2 +
(
1 + log λn+1
λ0
)
R41 +R20R41 +R21
}
.
This together with the classical Gronwall inequality yields
∥∥un(s)∥∥2  ∥∥un(t0 + 1)∥∥2e− λn+1 λ˜λ0 (s−t0−1) + cλ20
λn+1λ˜2
(
R20R
4
1 +R21
)
+ cλ
2
0
λn+1λ˜2
(
1 + log λn+1
λ0
)
R41 +
cλ0
λ˜
s∫
t0+1
e
− λn+1λ˜
λ0
(s−t)|θ−tp|2 dt, (5.3)
where λ˜ = min{ν + κ, γ }.
We now estimate the last term of the right-hand side of the above inequality. For ε > 0, we
can choose a constant δ = δ(ε) > 0 such that
s∫
s−δ
e
− λn+1 λ˜
λ0
(s−t)|θ−tp|2 dt  ε
2
8
λ˜
cλ0
.
Thus we have
s∫
t0+1
e
− λn+1 λ˜
λ0
(s−t)|θ−tp|2 dt
=
s∫
s−δ
e
− λn+1 λ˜
λ0
(s−t)|θ−tp|2 dt +
( s−δ∫
s−δ−1
+
s−δ−1∫
s−δ−2
+· · ·
)
e
− λn+1 λ˜
λ0
(s−t)|θ−tp|2 dt
 ε
2
8
λ˜
cλ0
+ e−
λn+1λ˜δ
λ0 ‖F‖2
Lb2
(
1 + e−
λn+1λ˜
λ0 + e−
2λn+1 λ˜
λ0 + · · ·)
 ε
2
8
λ˜
cλ0
+ e
− λn+1λ˜δ
λ0
1 − e−
λn+1λ˜
λ0
‖F‖2
Lb2
. (5.4)
Consequently, Eqs. (5.3), (5.4) imply that for ε > 0,p ∈ Σ , and a bounded subset of B ⊂ V ,
there exist constants t1(p,B) > 0, n0 > 0 and c = c(B,‖p‖Lb2 , ν, γ, κ) such that∥∥∥∥∥(I − Pn)
⋃
φ
(
t, θ−t (p), u0
)∥∥∥∥∥ ε
tt1
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⋃
tt1
φ
(
t, θ−t (p), u0
)∥∥∥∥∥ c
for u0 ∈ B and n > n0.
Hence the assumptions (A1)–(A3) with X = V and Σ = {p0(t + h); h ∈ R} hold true and
Theorem 1.2 implies the existence of a V pullback attractor A = {Ap}. Since the uniform ab-
sorbing set Bρ derived in Section 3 also absorbs any bounded set ofH, the proof of Theorem 1.1
is thus complete.
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